MHF4UI Unit 6: Day 1

Date:

1. Grapha) y=2" and its inve?s/e& b) y=

UNIT 6: LOGARITHMIC FUNCTIONS & LOGARITHMS

6.1 The Logarithmic Function

Read Y= Iogb X as “yis the logarithm of x to the base b”.

e

The logarithmic function Y =109, X is the inverse of the exponential function y =b*.

(%) and its inverse on the grids below.
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Exponential Form Logarithmic Form
x=b’ T— y =log, x b>0andb =1

The logarithm of a number x with a given base is the exponent to which that base must be

raised to yield x.

Properties of the Logarithmic Function y =log, x

e The base b is positive.

The x-intercept is 1.

The y-axis is a vertical asymptote.

The domain is the set of positive real numbers.
The range is the set of all real numbers.

The function is increasing if b > 1.

The function is decreasing if 0 <b <1.

If log, x=1log, y then x =y, since bases are equal.

-

John Napier
(1550-1617)

Scottish mathematician
John Napier invented
logarithms. The word
logarithm is composed
of the two words logic
and arithmetic. Napier
did not develop the
natural logarithmic
function, but it is
occasionally called the
Napierian logarithm, in
his honour.



Exponential Form Logarithmic Form
x=hb’ «—> y =log, x b>0andb =1

The logarithm of a number x with a given base is the exponent to which that base must be
raised to yield x.

Note: logx=1log,,x and Inx=log, x

Ex. 1. Change to exponential form.

1 1
a) log,16=4 b) log,3== c) logl — |=-2
) log, ) log,3=7 ) tog( ;)
Y 1 [ ——
lb=2 9* =3 Ly i05) =2
L _
=10
Ex. 2. Change to logarithmic form.
1
a) 3*=9 b) e’ =1 ) 492 =7
Jeg1 =4 s 7 =logg?
(O = JlV\D
Ex. 3. Use your calculator to find the value of the following:
a) log,,1000 b) log500 c) In0.5
. = 2.699 = —0.613
Ex. 4. Simplify
a) log,1=0 ie. i) log,1=0 i) log,c1=0)
S
) b) log,a* =X ie. i) log,3' =% i) log,5"% ={2'
c) a%r =X ie. i) 10°°° = 0.5 i) 4°%°* =5
Ex. 5. Evaluate each of the following.
a) log, 25 b) log, 27 c) Iogz(%j d) log, 427

=2 =3



Exponential Form
x=b’

raised to yield x.

Logarithmic Form
y =log, X

+—>

b>0andb =1
The logarithm of a number x with a given base is the exponent to which that base must be

Ex. 6. Solve for x.
a) log,x=8

14
xX=2
'X:Q\%

d) log, 4=

I =n*
(=G

b =X
“x=lb

\_l\)ll—‘
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b) log, 3v3 =x
9" =303
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e) log,8l=—
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X =S

c) log,¥2 =x

L =97
y-a®
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f) eIn10 =X
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MHF4UI Unit 6: Day 2
Date:

6.2 Logarithmic Properties, Laws & Transformations

Recall: Exponential Form
x=b’

Logarithmic Form

“«—> y =log, X b>0andb =1
The logarithm of a number x with a given base is the exponent to which that base must be
raised to yield x.

Properties of Logarithms: i) log,1= O ii) log,a= ]

i) log,a* = % *iv) a%%* = X

Exponent Laws:

Logarithm Laws:
a, x,y>0

*1. log,(x-y) = ﬂojqx +1.035

2 v ]« L g

*3. log, x" = niﬁq?(
Note: We will prove logarithm properties and laws marked with a *

1. a"-a" = d’"‘*"‘ multiplication

2. a"+a"= "™

3. @)= o""

division

power

EX. 1. Use the properties of logarithms to write each of the following as a sum and/or a difference
and/or multiple of logarithms
a) log, (5x) b) IogS(a:J c) log, im
’ 7
= 1[3._,"5‘!‘[0‘7;7( Qb /Q_Jjg m
_@Jﬁ o+ Q@3C_ + ch

=4 foaggm
3+ch3b e - o ek
Ex. 2. Express as a single logarithm and evéluate.
a) log,192-log, 3

\f

b) log, 6—log, 3+ log, 4 c) 2log,8
_ Lj () _ ﬁoﬁfs = :Qoﬂ*?

Lo b =g, 3 Saitad
-3 = | =3

Ex. 3. Evaluate exactly. Ex. 4. Solve to two decimal places, using logarithms

a) log4/1000 b) 3;"’934: a) 3 =11 b) 4(72)=8
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Transformations on the Logarithmic Function f(x)=log, x ,where f(x)=alog,[k(x—d)]+c

w (x,y)a(%x+d,ay+cj
O

©)

o

Ex. 2. Use the properties of logarithms to write each of the following logarithmic functions
as a sum and/or a difference and/or multiple of logarithms. Then, graph, by naming
and applying transformations on the indicated parent logarithmic function.

=Log, +/LOJQ<1 o = 3004 (3)
(7 J b) y= |ogg(§) %2 3[;?%9( _23733]

8: LDJLLH Zhﬂlx Y= SEQDTX — 1]

a) y=log,(4x*)

(}(:9\0\037_7( +7 la: 39\337( -3
Transformations on y =log, x are: Transformations on y =log, x are:
i) \.E. ‘OHO\M‘/ ot ) .E. by o Foctor of 3
iy _\\ T c‘;(\}mﬁs I i) _\.T St A 0w\
(xy) — (x, Ay+2) (K, Y)=> (X, 3y=3)
FTNH x|y ¢ ¥
N
|0
i
Vi N e
=0 7
7<y L )} X
T, (45)
THEA |
U
wl X X
Vertical Asymptote: 7(—‘50 Vertical Asymptoie: /X/;D
Domain : {X&Rly&o?} Domain : (ﬂe@\7§>Cﬂ
Range: QUtTRE Range: (\1 &/lRK
y—intercept:d hong_ y —intercept : _ \\OIRL
|

X — intercept :

X — intercept : >




Proving Selected Properties and Laws of Logarithms

Recall:

x=hY

raised to yield x.

Exponential Form

“—>

Logarithmic Form
y =log, x b>0andb =1

The logarithm of a number x with a given base is the exponent to which that base must be

1. Prove a'°%* = x.

Let Otp\ojo‘%
Kowrthe. 'n QOW%M.'Q‘FDVW

Lo 9 = Qoao\g
SLD} loses ave QWQ

”—EL LogaX
4=

7<fl<7

3. Prove log, (X-y)
L_fc:\\ x=o" VJ'
LS = JCDJU(J\

= Xog, (o o)

= Jlojc\( o h)

HW. Exercise 6.2

=Iogax+logay.

2. Prove log, x" =nlog, x

Lt x= Qm

- RS =1 Qo;{
= JLOJ

_ o " =h-m
eia
= M-n

s =RS

4. Prove Iog( ] log, x—log, y.
y

Let x=a"  y=a

LS= JL@,\(%)
= ﬂbgk(ok - )

= m-N

RS =lb(j°\ckm— Qé)jo\q

= m—N

"LS RS




MHF4UI Unit 6: Day 3

Date: 6.3 Solving Logarithmic Equations

Recall: Exponential Form

x=b’ >

raised to yield x.

Logarithmic Form

The logarithm of a number x with a given base is the exponent to which that base must be

y =log, X b>0andb =1

Properties of Logarithms: i) log,1=0
iii) log,a"* =X

Logarithm Laws: 1. log, (x-Y) =ﬁga'x -l-/tﬁadt/ multiplication

axy>0 2. log, ( j ﬂogq‘x - 2‘? 5’ division
3. log,x"=n ,Qoaoji

Ex. 1. Solve and check each of the following.
a) logx=2

x=b"
7(_=3(:

c) 2logx=1log8+log2

So= b =3
=+Y4 *
o: ,x>o .
;;w\g,so(\(\'\olr\ Ih
x=4
e) log,(x+1)—log,(x— 1):1
,ﬂ xx)| =
Vel &= ®-1
x+l_ g
xX—
| (x4 1) = 20 1)
> A+ 1=2%"2
3 =X

2,xX=3 '\s%%ct\féﬁ@\

i) log,a=|
iv) a°%* =%

B Lo &{CX)Z

Fexy >0
For oIl %
power
b) 4Iog6 —I096625
625
Qoa\j%uare
~x* —67_5
=*5 '
X Syso . e sol:é-w&\:s

d) logg(2—x)+logg(4—x)=1
JQOJYY@—XY% ~1)) =1

j{o ('x Gx +) —|
l"j JXHox+8) = o°
(ooése_Sou"{C
xvla-;c-\-g =%
#*=6x =0
~x(x —)=D
. , X=b
° ?f"xcjz o x=0 1< Hasoludion.
f) 3*=23
ﬂczjg)‘:l(zjas
%QO&5=Q°213
_ 9@13
7( - 33
9(__—'-;2.%5



Ex. 2. On bright sunny days, the amount of bromine in a municipal swimming pool decreases
by 10% each hour. If there were 145 g of bromine in the pool at noon on a sunny day,
when would the pool contain 102 g?

A re};e_l/d‘ \H\L&mo(/\l’\"’ oF bromung,
et M 3@‘ N CP |t howry ot ke neon.
MJ%B(O-OH
— =02
’\'_IV\d\ 'h lle’\g-—y\ N; LU (loL
02 = Hszoﬁ) > 1= TEZW
o2 _ (O '7) )
1945 -t:%:g
lo7_ Q?( o? ,oo‘HNL C_m‘{"(_)\(i\__s
ﬁy G ey e

Ex. 3. The half-life of a radioactive substance is 23 days. How long is it until the percent
remaining is 10 %?

<t + esent Hoo Qongth of Fime tw Aas w\-\ﬁl (04 remains’
L f&Pr‘ SR - (7 U

< (O0% vemans

(2) ‘
g ((D :E (7 oBer opproX :!—é,%OQcas.

Ex. 4. Solve 32 —3* -12=0.
(V-3 ~12=0

HW. Exercise 6.3



MHF4UI Unit 6: Day 4
Date: 6.4 Change of Base Formula

Ex. 1. Determine the value of each of the following logarithms, correct to two decimal places.

a) log, 120 b) Ioglll
Lt x:loa%‘zo . !
4%= 120 et X =20

105 4 :zogc, 20 A =1

AV = [
L = 0120 ﬂog( )
e = i Ly

=D, 4D
Change of Base Formulas 9(" ~2.18
lo . 1
) '°gax‘|03i 1) 109 X =109 b

i) Proof: Let l(j: 1073( i) Proof:

; oo

a’ = X - L
Toke Ao Acgartthm of both /Qij

sdas rqx_c:f +o bose b l
17,0(‘ = fjbx < (Lot
((j Qﬂb&: 09, X

LS= }&Zjbx

"LS=RS

b O

Ex. 2. In each of the following, use the change of base formula to express the given logarithm in

terms of the base b, and then use a calculator to evaluate to three decimal places.
a) log 20, b=10 b) 3log,0.4, b=e
) log ; ) 3log,

oa 20 _ 2.4 eO‘LP
= =3
70 _ 5 A~0H4
:%%ﬁ 3T
= 2.6t =—1.7%83



Ex. 3. Simplify to a single logarithm and evaluate.
log , V243 I 2!
) ——— 9 /Q

Iog s8 _ 9 b
Iog 5 ’on Iog ;53

oV

Ex. 4. Show that t 1 = ! .
| |0§13 a log,a log,a |
1S= — RS2 ——— v_/J
2 4 =

= Qqu_g _-’onq = ’Qﬁm
. ao I/S :RS

= )Qﬁql_\— ] 00 Q»E-D"'

Recall: Transformations on the Logarithmic Function f(x)=1log, x ,where
f(x)=alog,[k(x—d)]+c & (xy) a[%x+d,ay+ cj
=log, X

3

Ex. 5. Graph y =-2log, (—x+5) by naming and applying transformations on y
3
Clearly label the equation of the asymptote, state the domain and range of the function

and determine any intercepts.
) Jlgj [-(t- 5}
V-

TrasV\%"'\nV'VV\"L'\‘\’DV\S oM (7— J 7(5[__:
O V.R tn x—opiS 4 |

LLB \.S. \08 O\’F&C“DV o2

L) H.R. i y-owis
W) H.T righdt S unds

jTogt = (55, —ZJ\

3
11-2 -4 %
3 | 2| |
| |O 40 |
L 4z -2
<z t5t D {weRInest
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MHF4UI Unit 6: Day 5

Date: 6.5 Working With Natural Logarithms

The truth about “e”... Euler’s amazing death-defying constant

The letter e honours the Swiss mathematician Leonard Euler (1707-1783),
whose last name is pronounced oiler. Euler also developed the symbols 7 and i.

Two definitions of e are as follows:

First Definition of e

&)
1+—| —>e a8 X—>w
X

Let y:(1+1j and graph.
X

1 2
2.25
2.3703
1002 304y
1000 2.7169

100000 | 3 3123

In both the table and graph ,
as X >, y—e.

Ex. 1. Graph y=e” and its inverse on the same grid.

Second Definition of e
1

A+X)* —>e, as x—0

1

Let y=(1+x)* and graph.

1
X y=(1+x)*
-1.0 undefined
0.1 22630
-0.01 2.7320
-0.001 2.7196
-0.0001 2.7184
0 Undefined
0.00001 2.F92
0.0001 2.7181
0.001 2.7169
0.01 2.7048
0.1 2.5937
1.0 2.0

In both the table and graph,
as x—0, y—e.

Vicoler fﬂwg
| y y-:e




VA

Ex. 2. Sketch f(x)=In(—x+3). State the domain, range and exact values of any intercepts. 7<‘;5

Fx) =QnY— x-3)|

TrronsFormatiohs Oh ((j:W _ "
OH R y-ouis . h:l‘:r Sl AR
A o
WHT 3unts réj[{" o =(E?\(~')H3>
—X+3>0 e°= —X+3
7(4%

SNA ot x=3 For y-nT:
f105=2n>

Recall: =]

Properties of Natural Logarithms: i) In1=0

Lnx =dog X iii) Ine* =X

Natural Logarithre' Laws: 1. In(x-y) :/an 4+ QV\

2. |n[§j ~ Jnx —JU\;L

X, y>0

3. Inx" :hfLﬂ’)(

y

|

T

|
|
I
I
|
O,
I
|
l
|

i) Ine=|
iV) eIn>< =X
multiplication

division

power

Ex. 3. Use the properties of logarithms to write each expression as a sum, difference, and/or multiple

of logarithms.

| x3(x—2)4}
X n{ Vx?+1

= In[x-2)] = Andoc+

_ S Ine =2 (1 D
= 3£nx + Lf' KV\(?C-Z) - '12— ln(’xz*l)

M=

Ex. 4. Evaluate each of the following.
-2In3
a) € |n?>-z
=&
3_')_
]

9
Ex. 5. Solve each of the following.
a) —e'+3 =0

_ c-st(@zt_ 3> :O

+
_o  or € =30

_e/_
__I_:O QZt:B
e’t 2k
<. no Soludhon In €= An3
<‘ 0 at ne =Ln3
e —_4In3 ‘—-;'9«3:2”]_3—'
alne ({,40.55)

HW. Exercise 6.5

b) Incoté
cos&
- s

—_—f,y\ (Qos@) — 2’\(5]"85

b) In esin2 X+c0s? X
|
= J_V\ €

=|

(nr st A
b) (Inx)*+Inx*=0
(Inx )=+ 2 lax =0
Jux (Inx +2)=D
Qnx =0 or Rh'?&:“z
e° =x et =
So=l =or



MHF4UI Unit 6: Day 6
Date:

6.6 Logarithmic Scales & Their Applications

Logarithmic scales are useful for measuring quantities that can have a very large range,
because logarithms enable us to make large or small numbers more manageable to work with.

Examples of logarithmic scales include the Richter scale, which measures earthquakes,
the decibel scale, which measures sound, and the pH scale, which measures acidity.

Logarithms and Earthquakes

The formula Richter used to define the magnitude of an earthquake is

M = Iog(le, where
0

| is the intensity of the earthquake being measured,
I, is the intensity of a reference earthquake, and

M is the Richter number used to measure the intensity of earthquakes.

On the Richter scale, the energy of the earthquake increases by powers of 10 in relation to the
Richter magnitude number. Earthquakes below magnitude 4 usually cause no damage, and quakes
below 2 cannot be felt. A magnitude 6 earthquake is strong, while one of magnitude 7 or higher

causes major damage.

Ex. 1. An earthquake of magnitude 7.5 on the Richter scale struck Guatemala on February 4, 1976,
killing 23 000 people. On October 2, 1993, an earthquake of magnitude 6.4 killed 20 000
in Maharashtra, India. Compare the intensities of the two earthquakes.
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\ @fxzdh\ﬁ%j ,
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T
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Logarithms and Sound

The formula used to compare sounds is

L=10 Iog[ILJ , Where

0
| is the intensity of the sound being measure,
I, is the intensity of a sound at the threshold of hearing, and
L is the loudness measured in decibels.

The loudness of any sound is measured relative to the loudness of sound at the threshold of hearing.

Sounds at this level are the softest that can still be heard. At the threshold of hearing, the loudness of
sound is zero decibels (0 dB).

Ex. 2. Asound is 1000 times more intense than a sound you can just hear. What is the measure of its
loudness in decibels?

L=10 /Q\’g% Stare To 15 he 'meCHSk of o Sound Phat CO\V\%

e lqovdh = V== 10060%.
0O .
=10 &09(—’1—‘)

| = 10O Nes 00O ,"Q“W\Q\ SLD\%CB\V@EB O’Q‘%E\Q\SOU\V\C&

[ = |0x3 = 204B
=20
Exposure to sound levels of 85 dB during a 35 h work week will eventually cause damage to most
ears. The 120 dB volume of the average rock concert will cause the same damage in less than half an
hour. The higher the level, the less time it takes before sound-receptor cells start dying and permanent

hearing damage occurs. At sound levels of 130 dB, after 75 s you are at risk of suffering permanent
damage to your hearing.

Ex. 3. How many more times intense is the sound of normal conversation (60 dB) than the sound of a
whisper (30 dB)?

)_,e_J(— T, owwoh Iw Y‘CFV-Q%Q\/\A_—}/‘\O\ '\V\‘\'@/\S’\\_\Q o‘[\‘ n ov W\O\g\

COV\U'CJFSU\.JV\DV\ sk o; O~ L,J(,\LSP-N) rf_gfgzg 5
La T )
®© | 5=[0l (u) @ 3= (15 Qbmwf;
— J- %Dlu—( ’FDV IM : ly\ _ E/—/-;O_
3(3\\5& 'S'DV Lan - T, /_1—’;\,_:— \D?’I_Q
1»1> 3:Xj<—ﬁ> ’ N
(039\08 To. - T3 Lh — D
(%3 i"\ [D — T f\l\r T
0= =~ , T, = (000w

7. =T, T.,=07Ts /]/],\L'\V\J\{V\Slﬁj O% no 'f”'\&

C_O,\mgég—'\gy\ .[3 [OOO
s Ao o ON

NN



Logarithms and Chemistry

Chemists define the acidity of a liquid on a pH scale,
pH =—log[H "], where
[H ] is the concentration of the hydrogen ion in moles per litre.

A solution with a pH lower than 7 is acidic.
A solution with a pH equal to 7 is distilled water.
A solution with a pH greater than 7 is basic.

Ex. 4. Find the pH of a swimming pool with a hydrogen ion concentration of 6.1x10°® mol/L
( pH is given to two decimal places.)

Ex. 5. The pH of a fruit juice is 3.10. What is the hydrogen ion concentration of the fruit juice?
e = Lo 2 H]
+
(0= -3Ze[H]
- A
3.0 Jlo(j U\ ]
+ -2.(0
=10

H*‘ — 0.00039

. ’H/\Q 1f\ Advro o CDV\QQ_V'\_HO\ oA
2 4.7 w107 T vv\ol/L

HW. Exercise 6.6
For Unit 6 Test: do Unit 6 Review Exercise



