
 

 

MCV 4UI-Vectors Unit 10: Day 1 

Date:_____________        UNIT 10 – EQUATIONS OF PLANES 
 

     Section 8.1 – The Vector Equation of a Line in Space 
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 The vector equation of a plane can be determined by one point and two non-parallel vectors.  

 

 

       Let  P(x, y, z)  be any point in the plane  ,  ),( 1111 zyxP  be a particular point in the plane  

       and  vectors a


 and b


 be two non-parallel direction vectors in the plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

    SUMMARY OF EQUATIONS OF PLANES IN 3-SPACE: 
 

    Vector Equation                                Parametric Equations   

    btasrr


 1                                     tbsaxx 111        

            or                                    tbsayy 221            

),,(),,(),,(),,( 321321111 bbbtaaaszyxzyx                     tbsazz 331    

          

    where ),,( zyx     is the position vector of any point in the plane 

               ),,( 111 zyx  is the position vector of some particular point in the plane 

               a


 and b


   are two non-parallel direction vectors for the plane 

     and     s, t      are the parameters. 

P1 



Ex. 1.  Determine the vector and  parametric equations of the plane through the points 

            )1,7,3(F , )3,2,1( G  and )2,1,5( H .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex. 2.  Determine the vector equation of the plane containing the point )5,3,2(P  and the  

            line  ttr ),6,3,1()3,4,1(


. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Ex. 3.  Find the vector equation of the plane that contains the two lines  

             ssr ),1,4,2()3,2,1(


 and  ttr ),1,4,2()1,5,4(


. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex. 4.  Does the point )3,5,1(  lie in the plane  tstsr ,),1,5,6()2,1,3()1,3,4(


? 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

HW:  p. 279 #1-12 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



MCV 4UI-Vectors Unit 10: Day 2 

Date:_____________      Section 8.2 – The Scalar Equation of a Plane in Space   
 

   
A normal vector to a plane is a vector that is  

perpendicular to every vector in the plane. 

 

Find the general equation of a plane containing 

the point ),,( 1111 zyxP  with normal vector 

),,( CBAn 


. 

 

 

 

 

Let ),,( zyxP  be any point in the plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

        

                     Parallel Planes             Perpendicular Planes 

 
 

          

 

 

 

 

 

 

 

 

 

 

 

 

 

      If 
21    then  

21 nn


  where  21 nkn


 .                   If  21    then  21 nn


   where  021 nn
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Ex. 1.  Find the scalar equation of the plane through the point )3,1,2(A  having a normal vector  

            )5,2,4( n


. 

 

 

 

 

 

 

 

 

 

Ex. 2.  Find the Cartesian equation of the plane that passes through the points  

            )1,3,2(A , )1,2,1( B  and )3,2,1( C . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex. 3.  Find the scalar equation of the plane containing the point )1,2,1( Q  and the line 

             ttr ),3,0,1()1,1,2(


. 

 

 

 

 

 

 

 

 

 

 

 

 

 

  SUMMARY:   The scalar or Cartesian equation of a plane in space has the form 

                      0 DCzByAx   

  where ),,( CBA  is a vector normal to the plane. 

            



Ex. 4.  Find the acute angle between the planes 

            0432:1  zyx  and 0753:2  zyx . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex. 5.  Use vector projections to find the exact distance from the point )3,2,1(Q  to the plane  

           010754  zyx . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Ex. 6. a)  Show that the shortest distance from a point ),,( 111 zyxQ  to a plane with a scalar equation 

                 0 DCzByAx  is given by the formula 
222
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 . 

           b)  Use the formula to find the distance from the point )3,2,1(Q  to the plane 010754  zyx . 

 

a)  Let ),,( 0000 zyxP  be a specific point in the plane.      

  OQOPQP  00               

  ),,(),,( 1110000 zyxzyxQP   

),,( 1010100 zzyyxxQP   and ),,( CBAn 


               d 

nonQP

VPd


0

  

   
n

nQP







0

 

   
222

101010 ),,(),,(

CBA

CBAzzyyxx




                                 

   
222

101010

CBA

CzCzByByAxAx




    

* see Note above    

   
222

111

CBA

DCzByAx




  

   
222

111 )(

CBA

DCzByAx




   

 

222

111

CBA

DCzByAx
d




  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

HW:  p. 285 #1-13 & Additional Questions 
1.  What is the exact distance from the point )2,3,1( Q  to the plane 064  zyx ?   

2.  What is the exact distance between the planes 0322  zyx  and 09424  zyx ? 

Answers:  1. 
2

23
     2.  

2

5
 

P0(x0, y0, z0) 

  Q(x1, y1, z1) 

n


 

  

Note:  Since the point ),,( 0000 zyxP  is in the plane 

           0 DCzByAx , it satisfies the equation. 

     ie. 0000  DCzByAx , so DCzByAx  000  



MCV 4UI-Vectors Unit 10: Day 3 

Date:_____________       Section 8.3 – The Intersection of a Line and a Plane  
 

 

Warm-up: 
Given )9,5,1(A , )8,6,2(B  and )16,7,12(C  are points in a plane, find: 

a)  the vector, parametric and scalar equations of the plane. 

b)  the exact distance the point )1,2,1( Q  is from the plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



      There are three possible ways that a line and a plane in three dimensions can intersect. 

 

       The line is parallel and                 The line intersects the plane.       The line lies in the plane. 

       distinct from the plane. 

 

 

        

 

 

 

       
         There is no intersection.                                 The intersection is a point.                           The intersection is the line.             

 

 

Ex. 1.  For each of the following, find the intersection of the line and the plane.        

 

            a)   ttrL ),3,1,2()2,3,1(:


 and 0342:  zyx           

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

            b)  z
yx

L 





3

1

5

2
:  and 029138:  zyx  

             

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



            c)   ttrL ),1,9,11()5,1,2(:


 and 08532:  zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex. 2.  For each of the following planes, find the x, y and z-intercepts and sketch the plane. 

 

a)  012432  zyx         b)  0623  zy                   c)  06 y  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

HW:  p. 292 #1-11 
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MCV 4UI-Vectors Unit 10: Day 4 

Date:_____________   Section 8.4 – The Intersection of Two Planes  
 

 

There are three ways two planes can intersect.      

 

 Planes are parallel and   Planes are parallel and        Planes intersect.  

 distinct.    coincident. 

 

 

 

 

 

 

 

 

         There is no intersection.                     The intersection is the plane.            The intersection is a line. 

   ex. 0352:1  zyx                  ex. 0352:1  zyx               ex. 0352:1  zyx          

         012104:2  zyx                    062104:2  zyx         0153:2  zyx   

 

Ex. 1.  Find the intersection of each of the following: 

a)  01325:1  zyx   

     04325:2  zyx  

 

 

b)  0472:1  zyx   

     081442:2  zyx  

 

 

c)  043:1  zyx   

     012:2  zyx  

 

Solution 1: Solve algebraically.   Solution 2: Solve using an augmented 42  matrix. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



d)  0472:1  zyx   

     0133:2  zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

e)  0534:1  zyx   

     062:2  zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

f)  034:1  zyx   

     07282:2  zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Ex. 2.  Find the scalar equation of the plane which passes through the point )1,0,2( A  and is  

 perpendicular to the line of intersection of 052:1  zyx  and 072:2  zyx . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex. 3.  Find the vector equation of the line that passes through the point )7,1,2( B  and is parallel 

   to the line of intersection of 0532:1  zyx  and 0423:2  zyx . 
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HW:  p. 300 #2-6, 8bc, 9 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



MCV 4UI-Vectors Unit 10: Day 5 

Date:_____________    Section 8.5 – The Intersection of Three Planes  
 

   
There are eight possible ways three planes can intersect.    

     

When the normal of all three planes are parallel, the possibilities are 

 

           Case #1                     Case #2            Case #3 

     

 

 

 

 

 

 

 

 

 

 

Examples of each case: 

 

Find the intersection of the following pairs of lines, if any exist: 

#1.  0242:0242:
11

 zyxzyx      

       0542:0542:
22

 zyxzyx  

       0642:012842:
33

 zyxzyx  

 

 

 

 

 

 

 

 

#2.  02345:02345:
11

 zyxzyx      

       02345:046810:
22

 zyxzyx  

       07345:02191215:
33

 zyxzyx  

 

 

 

 

 

 

 

 

#3.  023:023:
11

 zyxzyx      

       023:04622:
22

 zyxzyx  

       023:06933:
33

 zyxzyx  

 

 

 

 

 

 

 

 

 



When only two of the normals of the planes are parallel, the possibilities are 

 

     Case #4                                 Case #5 

 

 

 

 

 

 

 

 

 

 

 

 

#4.  01253:
1

 zyx      

       044106:
2

 zyx  

       0632:
3

 zyx  

 

 

 

 

 

 

 

 

 

#5.  0274:
1

 zyx      

       041428:
2

 zyx  

       0653:
3

 zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 



When none of the normals are parallel, the possibilities are 

            Case #6         Case #7               Case #8    Note:  If all normals are coplanar, 

                                then,  0)(
321
 nnn


.

        

 

 

 

 

 

 

     

 

#6.  012:
1

 zyx      

       0445:
2

 zyx  

       0223:
3

 zyx  

 

 

 

 
 

 

 

 

 

#7.  022:
1

 zyx      

       043:
2

 zyx  

       0873:
3

 zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

#8.  04:
1

 zyx      

       0222:
2

 zyx  

       02:
3

 zyx  

 

 

 

 

 

 

 

 

 

 

 

 

since the planes form  
a triangular prism 

like the pages of  
a book like the corner of  

a room 



Recall:                  
 

 

 

 

 

 

 
 

Ex.  Determine the intersection, if any, of each of the following sets of planes.  In each case, give a geometrical  

        interpretation of the system of equations and the solution.  Also state whether the system has no solutions, 

        a unique solution, or an infinite number of solutions. 
 

a)   242  zyx      

       17355  zyx  

       2634  zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

b)   3272  zyx      

       146  zyx  

       4392  zyx  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
HW:  p. 308 #4 & 7 (use matrix), 8, 9, 3, 2;   
REVIEW for TEST:  p. 312 #2-12 (8.1 & 8.2), 13-16 & 18 (8.3), 17 & 19-22  (8.4 & 8.5);   p. 315 #1-7ab  


