MCYV 4UI-Vectors Unit 8: Day 1 D
Date: II[ Qé] (2 ; | ‘-} UNIT 8 - ALGEBRAIC VECTORS AND APPLICATIONS

Section 5.1 — Coordinate Systems and Algebraic Vectors

A. Two-Dimensional Vectors R’
Any vector in the plane can be translated so that its initial point lies at the Tolla

If the coordinates of P are (@ ,]o ), then oP =(a¢ , |=>) is called the IDaS \ | ah

piR==="3 ” P(a, b)
J / | U(.C;’_O'/ ,and aand barethe  CQ MQ)D[]Q[IES_ of the vector.
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Let i and j represent __ \\_\ |':|: U ( f( \S .

i=(s,0 and j=(po,!) with0=(9 .0 ).

i and ] arethe S‘I’OJ\AOJ[{ EGS’Q Jrcmr S in R2.
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We can represent OP in terms of the standard basis vectors, where OP =] | + IQ ) .

Every vector in R* can be represented algebraically or geometrically.

4 Algebraic Form Geometric Form )
Ordered pair notation: OP = (a,b) Magnitude: O_f;| , where ‘55‘ =+a’ +b’
or and

Unit vector notation: OP =ai +bj Direction: 0 , where 0 is measured counter-clockwise

from the positive x-axis to the line of the vector.

Note: (a ,b)=ai +bj
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Ex. 1. Given |L7| =8and 8=210", express i asan algebraic vector in the form: i) (a,b) ii) ai +b)
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Ex. 2. Given @z(— 3, 4), express OP asa geometric vector by stating its magnitude and direction.
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P29 Y ro.a.="ton (+%\ | 8P| = J Y4
y . 6 = 53 Jopl=5
- A 9( 6 — 19\,] o

e:uq°ﬂ5ﬁ:5



B. Three-Dimensional Vectors R’
Any vector in the plane can be translated so that its initial point lies at the origin.

z —
If the coordinates of P are (Q ,b ,&), then OP =(a,b,c) is called the position
©,0, C,)/ R \ vector, and a, b,and carethe L QOW\JD ON € I/\'{S of the vector.
L OP b Z') ~.(a,b,c) meansapoint (a,b,c) or avector (a,b,c).
f—--—""'- .P(o) I I(OI bl O)
- O : /" y  Let i, j and k represent unit vectors in the positive x, y and z directions respectively .
i ~ o
@ 0, 0) N (a,b o) i=(1,0.0), j=(7,1,0)and k=(0, 0, |) with 6=(¢,9 ,0).
fFind ,O_IB I In AC)N‘P i, j and k are the standard basis vectors in R>.
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16R172 = IOM IMM 0? ! 0+L+C We can represent OP in terms of the standard basis vectors, where oP=(.L + l Ck .

(O—N ["= O\ + b 1 OP I - I o '(’la ‘f‘C Every vector in R° can be represented algebraically or geometrically.
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The direction angles of a vector OP = (a,b,c) The direction cosines of a vector OP = (a,b,c)are
ol the angles &<, Ji and § that OP makes . cos o, cosf and cosb/.
with the positive x, y and z - axes respectively. cosa=—>~— cosP= [ _‘Lj I cosy = I_—ng
0 0

a, b and c are called the direction numbers.

Every vector in R° can be represented algebraically or geometrically.

/ Algebraic Form Geometric Form \
Ordered triple notation: OP = (a,b,c) Magnitude: 55‘ , where &‘ =va’ +b* +c?
or and
Unit vector notation: OP =ai +bj +ck Direction angles: o, and v that OP makes with the
Note: (a ,b,c)=ai +bj + ck positive x, y and z - axes respectively.

N /

{ o SQ(COSB C@I})\ﬁ unit vector has a length of 1,

o +cogﬁ-+cas Yy = \
5%;\01{@.1)0‘]’{/\ S{(MS
Cos vr-fCOSfB+COS ¥ = |

Note: A unit vector in the direction of OP is




z A plane in space that contains two of the coordinate axes is
} known as a coordinate plane. The plane containing the x- and
y- axes, for instance, is called the xy-plane. The other two
coordinate planes are named similarly. A point such as (4,0,1),
xz-plane yz-plane which has a y-coordinate of 0, lies in the xz-plane.
%y-plane }; To. p‘lot.a point P‘ (a,l?,c) in spac?, move a. uni?s from the
origin in the x direction, b units in the y direction, and then
/ ¢ units in the z direction. Be sure each move is made along
X a line parallel to the corresponding axis. Drawing a
rectangular box will help you to see the three-dimensional
aspect of such diagrams.
Ex. 3. Given vector v=(2,-5,4), Ex. 4. Given vector OP =37 + 57— 4k
. —3
a) graph v. a) graph OP. or = (2,5)" Ll'\
b) find the magnitude of v . b) find the magnitude of OP.
¢) find the direction cosines. ¢) find the direction cosines.
d) find the direction angles. d) find the direction angles.
e) find v e) find a unit vector in the direction opposite to OP .
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Section 5.2 — Operations With Algebraic Vectors

MCYV 4UI-Vectors Unit 8: Day 2
Date: |
I The Vector Joining Two Points
_. —> =
PO=—0P + oQ

P3 = 64 - oP

09299 PR (9,99 )7 (Pypysfs)
EDED: (%,‘P. )G[’L\P:_ )ﬂ,g - P_g)

zZ
P (p,,ps P3)

o y
x
IT The Magnitude of a Vector
In R*, y In R°, z
P(a,b)
P(a,b,c)

0
oA = a5 L e

Ex. 1. Given the points 4(1,1,2), B(2,-1,3) and C(4,1,5), find:

b) 20B-30C _____

a) OA+OB
==
SERRS —s(wﬁﬁ

(15 152+ (3y-153)
= (4-12,-273 =15

= (2)0,53
= (_%)”Sf'q‘}
¢) BC d) CA4
=52 —ob oA —0C
= (1,1,2) — (W,1,5)
(-3)0 )“5\

= (4,1,3) —(3-1,3)
:(3)219\\ -



Ex.2. If G=2{~3]+4k and b =3{ + j—F, find |a -b|.
= (3,-3,4); b =(3,1,-1)
@-F = (a3, -(3,-0
D R-B 21 8)
|Z-B] = JH* S
= ) 1,
L R-Bl=dk unds,
Ex. 3. Given the points P(4,3,5) and O(1,-2,5), find ‘FQ‘
- _—
PR = oa — OF
=(1)-2,5)~(4y3,5)
_—
SR =3 -5,0)
P& | = 3T (0"

e
O Pal =3t units
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Ex. 4. Given the points 4(5,—1), B(—3,4) and C( 13, —6), show that 4, B and C are collinear
using vectors.

— —>
Note: 4, B and C are collinear it AC_ s a scalar multiple of X3 .
AC = 6C —OR AR - 68 -0R
ETANEY = (3,4)- (50
SAC = (%,-5) NN

" AC = K AR whuan k= -
V. Ahe ﬁJomLS A, B £ C are collingow



Ex. 5. If quadrilateral ABCD is a parallelogram with vertices 4(-5,3), B(5,2)and C(7,-8),
find the coordinates of D, using vectors.

p let '.D(’X,é{\ be the. fowrth verter.
N RN AN
AR = DC
P\GE\@ 08 -on “OCJ‘@D
gk ---.\_B(S’D‘\ (5y)= (-5)3) =(178)— (7<>gj
T Lieym ) = (0,
. ! So=T-% 5 —( = -%-
S S Y=-3 L
Dég) S clay) o Ha coordinate of D
M Olre_ (“%)_13

Ex. 6. If 521, OB and OC are three edges of a parallelepiped where O is (0,0,0), 4 is (5,9,-3),
Bis (2,—1,5) and C is (9,3,8). Find the coordinates of the other four vertices, D, E, F and G.

POny2,12)

. & (g 11,10)
C(9,3,8)
*=(14,12)5)
B(2,-1,5) v G (‘|D q()g\) ‘H\ﬁ O"FL\(,V%N\/
o \/\UH(LS aré
0(0,0,0) A(5,9,-3)
-
58 = 0B +&B OF ='0d+B>+DE F(14,12,€) and
= O_é)-l-éz :(3?'4‘63—}‘5?' C\) (—ljé)g\y
= (ah,E)+@3,%) = @hEer(1,30+ (59,
Z(1,2,1) = (16,11y10)
Fina i . Find G
OF - o +0& 3= 0R + 0%
= (5,214 (43,2 =(5,953)+(2-1,S)
= (14,(2,8) = (1,%,2)

HW. pg. 172 #2agij, 3ab, 4f, 5d, 6c¢, 8, 9¢, 12, 13ad, 14ab, 15, 16



MCYV 4UI-Vectors Unit 8: Da
/ |4 Section 5.3 — The Dot Product of Two Vectors

Date: ’Vﬂouq I'@

A. The Dot Product in Vector Form

The dot product of any two vectors a and b is
a-b= |Zz”l;‘cos6

where 0 is the angle between the vectors.

Ql

b Note: The dot product of two vectors is a scalar.

Ex. 1. Complete the following.
0

) -
a) Ifthe angle, O, between the vectors is acutethen O <0< 90 and a-b >0

] 6 -
b) If the angle, O, between the vectors is obtuse then 90 <0< (%0 and a-b < d

0 -
¢) Ifthe angle, 0, between the vectors is right then 6= 90 and d-b =

Ex. 2. If|a| =6 and 6 =60°, then find a - b.
o_{’f = IEZH-E]CO'S@ :
_ (5\ ((p\ oS 636‘0 Scal\ar”
= 30 /L
=5 (2\ a2 k=S

Ex.3. If G-b = |Zz”l;‘ cos 0, determine each of the following:

a i d i :
- wsS = () a5

OO < W)

= | =0

by jj ¢ ik

=1 — 0

o kP 0 j-k



B. The Dot Product in Component Form

Let G =(a,,a,,a,) and b = (b,,b,,b,)
ab
_(ala ayyy) - (blabZ’bS) ,\ ~
—aitafrek) (birk J*th
_albl(l l)"‘albz(l )+a1b3(f'l€)+azb1(}'f)"'azbz(j'})+a2b3(j'1€)+a3b1(]€'{)+a3b2(1€’j)+a3b3(]€']€)
=a,b,(1)+a,b,0)+ab,©)+a,b,©)+a,b,(1)+a,b,(0) + a;b,©) + a;b,(0) + a;b; (1)
=ab, ta,lmtazhb,

the dot product of any two vectors a and b in component form is
a-b=ab +ab, + a,b,

Ex. 4. Find a-b if d= (1,2,-3) Ex. 5. Determine whether or not u = (1, 2, 3)
and b=2i-3j +k. ) and v =(3,—4,-2) are perpendicular.
b (I :L) ) (9\) 3)\ ljz—\?: (l )3)3) .(SJ_Q)-QB
— (N()+ @A) = 2 -] <
= A-b-3 - —— = -
- SWN#0 H T and V' are not
- 7 perpmdmular
Ex. 6. Find the angle 0 between the vectors @ =(2,-1, 4) and b =(-3,1,2).
R E = 12| [Blass & T=-b-1+2
coso = @B #- i
18] Fle i
} =
(oSO = lB\‘JQHH—L

e ar\gle beEMQEM‘\—IAe \)‘f’d‘or \S leoout%%’lf"

Ex. 7. For what values of w1ll the vectors of a=(1,p, 2) and b= (3,-9,6) be

i) collinear? k A ii) perpendicular?
> -
(3706)= 3 (Lpya) & o =0
A6 P)(O (I)P)QX'(S)_OU(”\:O
($)'q)6)-_—<_5)3‘3) —_
’ 3 2 - ‘TP +=>==0
T1=5p IS - Qqp = Ol‘o
. _ ~-Qp =
Sp=-3 I
' >
Ex. 8. Find a vector perpendicular to
i) (5,-2) ~— i) (4,-1,2)
(5,20 @ EI=0 - 13 e (142N =0

O (g,-3)- (-4 ;10)=0 O (4,-,2N- (4 >y =0



C. Properties of the Dot Product

~ — =2
*2. a-a=|a|

1. a-b=b-a Commutative Law
AN L - NS 7= 7 . 7 .
*3. a-(b+c¢)=a-b+a-c Distributive Law 4. (ka)-b =a-(kb)=k(a-b) Associative Law

* We will prove these properties of the dot product by example.

Ex.9. If a=(-2,3,1), b=(5,6,—7) and ¢ =(3,—2, 4), verify that

a) a-a-af

RS.

L.S._, 2

= a - ( N = |CL‘

= (1,3, DN+ (-3)3,1

_gharl - (Jere o 3

=14 T
LS. =RS =4
?a =&
b) a-(b+c)=a-b+a-¢
L. RS.
= ( 'O‘\‘C, \) = Cl b + —_5 '_’

(3 3,1 G%L—WH (3,2 4\] f; 30 (a,m)}r[(; 30 (3= a?ﬁ]
:(i;l?gﬁ 3 “(HorIg =N+ (~b-6tH)
- - " (0~ (—%W

L L.S=FR. = ="

—c?- (B+E):'3.E -f—_O?-_C?.
Ex.10. If G and b are distinct unit vectors and the angle between them is 120 , calculate
(2d +3b) - (4d —5b).

= qaﬁa}g\(&’g\-lb (B-B)
et [&l ¢+ 2 (T B) - 1557

=N i=dle

- g [@|>+2 |&l]B|cose 15|

sub in [@]=1 [Bls| ond 8 =120

g (N* + ;(l)((\-(ogl;m° NON

¥ + ’;(—é\-l%

)

))

= < “ -5

= =<3
(o35 ) (4w -SL)=-¢
g
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